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Abstract
This paper strives for instant detection of approximate fibrations. A wide class of homotopy types
sustains this effort, in the sense that those maps between manifolds for which all point preimages
have the homotopy type of a fixed object in this class necessarily are approximate fibrations. Often, as
exemplified here, the fundamental group or merely the first homology group carries the determining
feature. The main result promises that the closed manifold N is a codimension-2 fibrator, meaning
that it has the desired effect on proper maps from an (n + 2)-manifold M onto a metric space B
whose fibers all have the homotopy type of N , if π1(N) is an Abelian 2-group. Under more restrictive
conditions, the same conclusion about N holds if either H1(N) is a cyclic 2-group or if H1(N) is an
arbitrary finite cyclic group and no element of π1(N) has finite order.  2002 Elsevier Science B.V.
All rights reserved.
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1. Introduction
Continuing an extensive series, this paper seeks to identify homotopy types through
which a proper map defined on an arbitrary manifold of a given dimension can be quickly
recognized as an approximate fibration, simply because all point preimages have the
specified homotopy type. More precisely, the goal is to present closed n-manifolds N
which force proper maps p :M → B to be approximate fibrations, when M is an (n+ 2)-
manifold and each p−1(b) has the homotopy type (or, more generally, the shape) of N .
Such a manifold N is called a codimension-2 fibrator.
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The main result, Theorem 3.10, promises that every manifold N having Abelian
fundamental group, the order of which is a power of 2 (i.e., a 2-group), is a codimension-2
fibrator. Chinen [2] proved that every closed manifold N with π1(N) any finite product
of copies of a fixed cyclic 2-group is a codimension-2 fibrator, and he raised the question
which Theorem 3.10 answers. He also asked whether the same fibrator conclusion might
hold for manifolds whose fundamental groups are 2-groups. Among Abelian groups only
the 2-groups possibly could force codimension-2 fibrators: at approximately the time of
Chinen’s work, for each odd integer d > 2 Daverman produced examples [9] of closed
manifolds Nd with π1(Nd) cyclic of order d and Nd not a codimension-2 fibrator; by
taking products with various Lens spaces, one can construct a codimension-2 nonfibrator
with fundamental group isomorphic to any finite Abelian group except a 2-group.
Finiteness of π1, not merely H1, is imperative in Theorem 3.10, as the well-known
nonfibrator RPn#RPn makes plain. It also turns out to be indispensable for Daverman’s
construction for the odd cyclic case. In Section 4 we show that if H1(N) is cyclic of order d ,
where N satisfies a Hopfian property, and where π1(N) is a residually finite group which
has no element of order dividing d , then π1(N) is hyperhopfian and N is a codimension-2
fibrator. Theorem 3.12 provides the same fibrator conclusion, but not the hyperhopfian
conclusion about π1(N), for those N with H1(N) a cyclic 2-group, with no restriction on
the order of elements in π1(N), just that π1(N) is a Hopfian group.
The results here supplement those of [8], not only by providing new information about
hyperhopficity, but also by setting forth another class of groups, like the hyperhopfian ones,
which ensure the codimension-2 fibrator property.
2. Preliminaries
In general terms, the objects of attention are continuous, proper, surjective mappings
p :M→ B defined on (n+2)-manifoldsM , where all point preimages, p−1(b), are closed,
connected n-manifolds, up to shape. When all point preimages behave like orientable
manifolds, one speaks of the continuity set of p, namely, the collection C of all b ∈ B for
which there exist a neighborhoodU of p−1(b) in M and a (shape) retraction U → p−1(b)
that restricts to a degree one mapping p−1(b′)→ p−1(b) for all b′ with p−1(b′) ⊂ U .
Independent of fiber orientability, one can always speak of the mod 2 continuity set
of p, namely the set C′ where the same statement holds when degree is computed with
Z2-coefficients. The following fact, stemming from analysis by Coram and Duvall [5], is
central to all investigations of codimension-2 fibrators.
Proposition 2.1 [6, Proposition 2.8]. In the setting just described, if M and all
fibers p−1(b) are orientable, then the space B is a 2-manifold and D = B \ C is locally
finite in B , where C represents the continuity set of p. Moreover, if either M or some
point inverses are nonorientable, B is a 2-manifold with boundary (possibly empty) and
D′ = (intB) \ C′ is locally finite in B , where C′ represents the mod 2 continuity set
of p.
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Call a closed manifold N Hopfian if it is orientable and every degree one map N → N
which induces a π1-isomorphism is a homotopy equivalence. Generally, call N s-Hopfian
if N˜ is Hopfian, where N˜ is the covering space of N corresponding to
H =
⋂
i∈I
{
Hi :
[
π1(N) :Hi
]= 2},
when N is non-orientable, and N itself is Hopfian otherwise.
A group Γ is said to be Hopfian is every epimorphism Γ → Γ is an isomorphism;
furthermore, Γ is said to be hyperhopfian if every homomorphism ϕ :Γ → Γ with ϕ(Γ )
normal and Γ/ϕ(Γ ) cyclic is an isomorphism (onto).
Interrelationships among some of these Hopfian concepts are spelled out in Proposi-
tion 2.2, which is both a model and a tool for the work here.
Proposition 2.2 ([17, Theorem 3.3], [15, Corollary 3.1]). Every closed s-Hopfian
manifold N such that π1(N) is hyperhopfian is a codimension-2 fibrator.
Given a group Γ , we use Γ ′ to denote its commutator subgroup.
3. The role of 2-groups
Let Nn be a closed manifold. A proper map p :M → B is Nn-like provided each fiber
p−1(b) is shape equivalent to Nn. For simplicity, we shall assume that each fiber p−1(b)
in an Nn-like map to be an ANR having the homotopy type of Nn.
An N -like map p on an (n+ 2)-manifold ordinarily restricts to an approximate fibration
over the continuity set C of p, when N is Hopfian. The first result presents a setting in
which the same conclusion holds for nonorientableN and the mod 2 continuity set C′. The
manifold N˜H to which the statement refers is the covering space of N corresponding to the
intersection of all index 2 subgroups of π1(N), mentioned in the definition of s-Hopfian.
The examples of [9] demonstrate that, in general, p will not be an approximate fibration
over C′.
Lemma 3.1. Suppose N is a closed n-manifold such that N˜H is a codimension-2 ori-
entable fibrator, and suppose p :M → B is an N -like map defined on an (n+ 2)-manifold.
Then p is an approximate fibration over the mod 2 continuity set C′ of p.
Proof. Fix b0 ∈ C′ ⊂ intB and a neighborhood V ≈ R2 of b0. It suffices to prove that
p restricts to an approximate fibration on M ′ ≡ p−1(V ). Here the inclusion of each
p−1(v)→M ′ induces an isomorphism ofZ2 (co)homology (cf. [11, Lemma 3.5]). Specify
an isomorphism
η :H1(M
′;Z2)→H1
(
p−1(b0);Z2
)∼=H1(N;Z2),
and let K denote the kernel of the naturally determined composite
π1(M
′)→H1(M ′;Z)→H1(M ′;Z2).
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By [17, Lemma 3.1] K is the intersection of all index 2 subgroups of π1(M ′). Form
the covering θ : M˜K →M ′ corresponding to K . It should be clear that θ restricts to the
covering θ−1p−1(v)→ p−1(v) corresponding to the intersection of all index 2 subgroups
of π1(p−1(v)), so p ◦ θ : M˜K → V is an N˜H -like map. Also, M˜K is orientable, as it covers
all 2–1 covers of M ′. The hypothesis about N˜H being a codimension-2 orientable fibrator
yields that p ◦ θ is an approximate fibration. Hence, so is p :M ′ → V [6, Lemma 2.5]. ✷
Lemma 3.2. Let N be a closed n-manifold with finite π1(N), and let p :M → B be a
proper N -like map defined on an (n+ 2)-manifold. Suppose p is an approximate fibration
over the mod 2 continuity set C′ of p. Then the boundary, ∂B, of B is empty.
Proof. Suppose ∂B = ∅. By [10, Section 2] there exist z0 ∈ ∂B , a neighborhood U of z0
in B, U ∩ (intB \C′)= ∅, and a deformation retraction R :p−1(U)→ p−1(z0) satisfying
(1) U ≈ the upper half plane R2+ = {(x, y) ∈R2 | y  0},
(2) L=U ∩ ∂B is an open arc,
(3) for all z ∈ L, R|p−1(z) :p−1(z)→ p−1(z0) is a homotopy equivalence, and
(4) p is an approximate fibration over intU.
Restrict M to p−1(U), and form the universal covering q : M˜ →M = p−1(U). Choose
x ∈ intU , name the inclusion i :p−1(x)→ p−1(U), and specify the covering g¯→ p−1(x)
determined by ker i#, the kernel of
i# : π1
(
p−1(x)
)→ π1(p−1(U)).
Then, as in the proof of [2, Theorem 4.4], we see that
H1(g¯)⊕H1(g¯)∼=H1
(
M∗ \ (p ◦ q)−1(L))= 0.
On the other hand, the proof of [2, Lemma 5.2] assures that[
π1
(
p−1(U)
) : i#(π1(p−1(x)))]= 2.
Since
[
π1
(
p−1(U)
) : i#(π1(p−1(x)))] · ∣∣i#(π1(p−1(x)))∣∣
= ∣∣π1(p−1(U))∣∣
= ∣∣π1(p−1(z0))∣∣= ∣∣π1(p−1(x))∣∣
= ∣∣ker i#∣∣ · ∣∣i#(π1(p−1(x)))∣∣,
we obtain |ker i#| = 2. Hence, π1(g¯)∼= Z2 and H1(g¯)⊕H1(g¯)∼= Z2 ⊕Z2 = 0, which is a
contradiction. ✷
Lemma 3.3. Let N be a closed, orientable n-manifold with finite π1(N), and let p :M →
B be a proper N -like map defined on an (n+ 2)-manifold. Then ∂B = ∅.
Proof. Return to the constructions set forth in Lemma 3.2. Trim U , if necessary, to a
smaller neighborhoodU ′ of z0 with p an approximate fibration over intU ′. To accomplish
this, simply restrict U ′ to make (p ◦ q)−1(U ′) miss the discontinuity set of the quotient
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map on M˜ determined by the components of (p ◦ q)−1(b), b ∈U . It follows routinely that
the restriction of p◦q to each component of (p◦q)−1(intU ′) then must be an approximate
fibration over intU ′, and [6, Lemma 2.5] assures that the same holds for p. ✷
When p :M → B is not N -like but each p−1(b) is a closed n-manifold with finite
fundamental group, ∂B can be nonvoid. The complement M ′ of an (n+ 1)-cell in RP n+1
admits a map p′ :M ′ → [0,∞) having n-spheres and a copy of RPn as point preimages.
A relevant example is p = p′ × Identity :M ′ ×R→[0,∞)×R≈R2+.
A cyclic decomposition of a finitely generated Abelian group A is a representation
A∼= C1 ⊕ · · · ⊕Ci ⊕ · · · ⊕Ck , where each Ci is cyclic. For convenience, we shall always
assume these are arranged in nondecreasing order, i.e., |Ci |  Ci+1| for all i . When we
write C1 ⊕ · · · ⊕ Ĉi ⊕ · · · ⊕Ck , we mean the direct sum of all Cj ’s except Ci .
Lemma 3.4. Let N be a closed n-manifold such that H1(N) is a 2-group, with cyclic
decomposition C1 ⊕ · · · ⊕ Ck , and let p :M → R2 be a proper, N -like map defined on
an (n + 2)-manifold that restricts to an approximate fibration over R2 \ origin. Then
H1(M \p−1(origin)) is isomorphic either to Z⊕H1(N) or to Z⊕C1⊕· · ·⊕Ĉi⊕· · ·⊕Ck .
Moreover, C′, the mod 2 continuity set of p, equals R2 if and only if
H1
(
M \ p−1(origin))∼= Z⊕H1(N);
in case M and N are both orientable, C =R2 if and only if
H1
(
M \ p−1(origin))∼= Z⊕H1(N).
Proof. Set g0 ≡ p−1(origin). Apply [3, Corollary 3.5] to represent π1(M \ g0) as an
extension
1 → π1
(
p−1(x)
) i#→ π1(M \ g0)→ Z→ 1,
where x ∈R2 \ origin. After abelianization, we have
H1(M \ g0)∼= i∗
[
H1
(
p−1(x)
)]⊕Z.
Using [3, Proposition 1.5], we see that g0 is a (shape) deformation retract of M , so
H1(M)∼=H1(g0)∼=H1(N).
Consider the integral homology exact sequence of (M,M \ g0):
H2(M,M \ g0;Z) ∂−−−−→ H1(M \ g0;Z) j∗−−−−→ H1(M;Z)
−−−−→ H1(M,M \ g0;Z) −−−−→ 0.
By duality
0 ∼=Hn−1(N;Z2)=Hn−1(g0;Z2)∼=H1(M,M \ g0;Z2).
Since H1(M;Z) is 2-group and H1(M,M \ g0;Z) ⊗ Z2 ∼= H1(M,M \ g0;Z2) = 0, we
deduce that H1(M,M \ g0;Z)= 0. In addition,
Z2 ∼=H2(M,M \ g0;Z2)∼=H2(M,M \ g0;Z)⊗Z2 ⊕ 0.
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Consequently, the exact sequence above reduces to
Z⊕ T ∂→ i∗
[
H1
(
p−1(x)
)]⊕Z j∗→C1 ⊕ · · · ⊕Ck → 0,
where T denotes an odd order torsion group. Here ∂(T ) = 0, since i∗[H1(p−1(x))] is
a 2-group, implying that i∗[H1(p−1(x))] ⊕ Zt ∼= C1 ⊕ · · · ⊕ Ck , where Zt ∼= Z/∂Z.
Therefore, either Zt ∼= Ci and i∗[H1(p−1(x))] ∼= C1 ⊕ · · · ⊕ Ĉi ⊕ · · · ⊕ Ck , or Zt ∼= 0
and i∗[H1(p−1(x))] ∼= C1 ⊕ · · · ⊕Ci ⊕ · · · ⊕Ck ∼=H1(N).
Let R :M → g0 denote the end of a deformation retraction. In case N is orientable and
C = R2, (R ◦ incl)∗(H1(p−1(x))) = H1(g0) for all x ∈ R2, because this mapping has
degree 1. Clearly then H1(M \ g0)∼= Z⊕ i∗[H1(p−1(x))] ∼= Z⊕H1(N). When C′ =R2,
similar mod 2 degree considerations yield that (R ◦ incl)∗ :H1(p−1(x);Z2 →H1(g0;Z2)
is an isomorphism. Hence, i∗[H1(p−1(x));Z2)] has the same number of direct summands
as H1(g0;Z2). Because the corresponding integral homology groups are 2-groups, tensor
product with Z2 annihilates no summands, so i∗[H1(p−1(x));Z)] has just as many direct
summands as H1(g0;Z). By what was just established, then H1(M \ g0) ∼= Z⊕ H1(N).
Conversely, in case H1(M \g0)∼= Z⊕H1(N), diagram-chasing assures that the composite
H1
(
p−1(x)
) i∗−→
mono
H1
(
M \ p−1(b)) j∗→H1(M) ∼=→H1(g0)
is a monomorphism; due to finiteness of H1(N), it must be an isomorphism. By [1,
Lemma 3.4], C′ = R2. In the totally orientable setting, C =R2 [14,8, Lemma 5.2]. ✷
Corollary 3.5. Let N be a closed n-manifold such that π1(N) is a 2-group, and let
p :M → R2 be a proper, N -like map defined on an (n + 2)-manifold which is an
approximate fibration over R2 \ origin. Then the following statements are equivalent:
(1) p is an approximate fibration;
(2) C′ =R2; and
(3) H1(M \ p−1(origin))∼= Z⊕H1(N).
Proof. That (1) implies (2) is routine; the converse was derived by Chinen [2, Corol-
lary 4.3]. Lemma 3.4 establishes the equivalence of (2) and (3). ✷
Corollary 3.6. Let N be a closed n-manifold such that π1(N) is finite,H1(N) is a 2-group,
and N˜H is a codimension-2 orientable fibrator. Suppose that each homotopy equivalence
N →N induces the identity automorphism H1(N)→H1(N). Then N is a codimension-2
fibrator.
Proof. Consider the usual proper N -like map p :M → B . By Lemma 3.1, p is an
approximate fibration over C′ and, by Lemma 3.2, ∂B = ∅. The proof that B \ C′
has no isolated points essentially coincides with that of [9, Theorem 3.4]. In light of
Lemma 3.1 or Corollary 3.5, it suffices to prove that C′ = B . Focus on the case B = R2
and C′ =R2 \ origin.
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Approximate homotopy lifting properties yield that p−1(R2 \ origin) has the homotopy
type of a mapping torus of a homotopy equivalence f :N →N . The first homology of this
mapping torus, computed by abelianizing the fundamental group
〈
π1(N), ζ | ζf#(α)ζ−1 = α, α ∈ π1(N)
〉
,
readily shows H1(M \ p−1(origin))∼= Z⊕H1(N). Apply Corollary 3.5. ✷
Lemma 3.7. Suppose that ϕ :A→ Zm is an epimorphism defined on an Abelian group A
such that each a ∈A has order m. Then A∼= kerϕ ⊕Zm.
Proof. The short exact sequence
0 → kerϕ→A ϕ→ Zm → 0
splits, since ϕ has a right inverse ψ :Zm → A, determined simply by choosing ψ(1) ∈
ϕ−1(1). ✷
Lemma 3.8. Suppose C1 ⊕ · · · ⊕ Ck is a cyclic decomposition of an Abelian 2-group
A, with |C1|  · · ·  |Ck|. If κ :A→ C1 ⊕ · · · ⊕ Ĉi ⊕ · · · ⊕ Ck is an epimorphism with
Ci cyclic of order 2d , then there exists a unique ξ ∈ ker(κ) such that ξ has order 2 and
ξ = 2d−1 · ξ ′, for some ξ ′ ∈A.
Proof. By induction on k. Suppose i = k. First assume |Cj | < 2d for j < k. Take
ξ = 〈0, . . . ,0,2d−1〉. Here ξ must belong to ker(κ), for otherwise C1 ⊕ · · · ⊕Ck−1 would
contain the cyclic subgroup κ(Ck) of order 2d , and ξ is divisible by 〈0, . . . ,0,1〉 ∈ A.
Clearly, no other nonzero element of A is divisible by an element of order 2d−1. Next,
when |Ck−1| = 2d , apply Lemma 3.7 to
A
κ−−−−→C1 ⊕ · · · ⊕Ck−1 projection−−−−→ Ck−1
to obtain a splitting A=A1 ⊕Ck−1 ∼=A1 ⊕Ck , with A1 = ker(projection◦ κ). Here A1 ∼=
C1 ⊕ · · · ⊕Ck−1, by uniqueness of cyclic decompositions, and κ(A1)∼= C1 ⊕ · · · ⊕Ck−2.
Now induction applies.
When i < k essentially the same reduction can be brought to bear on
A
κ−−−−→C1 ⊕ · · · ⊕ Ĉi ⊕ · · · ⊕Ck projection−−−−→ Ck. ✷
Lemma 3.9. Suppose N is a closed n-manifold such that π1(N) is an Abelian 2-group,
and suppose p :M → R2 is a proper N -like map, defined on an (n+ 2)-manifold, which
is an approximate fibration over R2 \ origin. Then C′ =R2.
Proof. Set g0 ≡ p−1(origin). Lemma 3.4 assures that H1(M \ g0) is isomorphic to either
Z⊕H1(N) or Z⊕C1⊕· · ·⊕ Ĉi⊕· · ·⊕Ck , where C1⊕· · ·⊕Ck is a cyclic decomposition
of H1(N). According to Corollary 3.5, it suffices to prove H1(M \ g0) is the former, not
the latter.
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Pass to the universal cover q : M˜ →M . Inspection of the (integral) homology sequence
of the pair (M˜, M˜ \ q−1(g0)) reveals H1(M˜ \ q−1(g0)) to be cyclic. The point is: cyclicity
occurs only if H1(M \ g0)∼= Z⊕H1(N).
Assume to the contrary that H1(M \ g0) ∼= Z ⊕ C1 ⊕ · · · ⊕ Ĉi ⊕ · · · ⊕ Ck . Fix g ≡
p−1(x), x ∈ S1 ⊂ R2. As in the proof of Corollary 3.6, approximately lift an isotopy
rotating x exactly once around S1 to obtain a homotopy equivalence f :g → g. The
mapping torus of f has (the shape of p−1(S1) and) the homotopy type of M \ g0.
Consequently, π1(M \ g0) is given by〈
π1(g), ζ |ζ−1f#(γ )ζ = γ, γ ∈ π1(g)
〉
,
from which we obtain
H1(M \ g0)∼=
〈
H1(g), ζ |f∗
([γ ])− [γ ], [γ ] ∈H1(g)〉.
Focus on the inclusion-induced homomorphism κ :H1(g)→ i∗[H1(g)]; the assumption
about H1(M \ g0) implies ker(κ) = 0.
Consider the decomposition of M˜ into the components of (p◦q)−1(z), z ∈R2, and let g¯
denote a component of q−1(g). All the other components of (p ◦ q)−1(z), z ∈R2 \ origin,
have the homotopy type of g¯, and M˜ \ q−1(g)) has the homotopy type of a mapping torus
of F : g¯→ g¯, where F is a lift to g¯ of some iterate f m :g→ g of f . From a computation
similar to one just performed for H1(M \ g0),
H1
(
M˜ \ q−1(g0)
)= 〈H1(g¯), ζ |F∗([α])− [α], α ∈H1(g¯)〉.
Here q∗([α])= 0 if and only if [α] = 0, since the fundamental groups are Abelian.
According to Lemma 3.8, there exists a unique element ξ ∈ ker(κ) ∼= H1(g¯) which
equals 2d−1 ·ξ ′, for some ξ ′ ∈H1(g¯). Since f m∗ (ker(κ))= ker(κ), this uniqueness property
ensures that the automorphism f m∗ fixes ξ . This, in turn, means that
K = {F∗([α])− [α] | [α] ∈H1(g¯)}
is a proper subgroup of H1(g¯) and yields that
H1
(
M˜ \ q−1(g0)
)= Z⊕ (H1(g¯)/K) = Z
is noncyclic, an impossibility. As a result, ker(κ) = 0, and H1(M \ g0) ∼= Z ⊕ H1(N).
Lemma 3.4 certifies that C′ =R2. ✷
Theorem 3.10. Every closed n-manifold N whose fundamental group is an Abelian
2-group is a codimension-2 fibrator.
Proof. When N is orientable, every N -like map p :M → B defined on an (n+ 2)-
manifold is an approximate fibration over its continuity set [6, Proposition 2.6]. Propo-
sition 2.1, Corollary 3.5 and Lemma 3.9 together imply N is a codimension-2 orientable
fibrator. Consider then an N -like p :M → B , where M or N is nonorientable. As just
noted, N˜H is a codimension-2 orientable fibrator, so p is an approximate fibration over C′.
By Lemma 3.2 or [2, Theorem 4.4] ∂B = ∅. Finally, Lemma 3.9 yields C′ = B . In other
words, N is a codimension-2 fibrator. ✷
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As remarked previously, the nonfibrator RPn#RPn reveals the need for finiteness of
π1(N), not simply of H1(N), in Theorem 3.10. However, Theorem 3.12 demonstrates that
the finiteness feature on π1(N) can be omitted, to a large extent, when H1(N) is a cyclic
2-group.
Lemma 3.11. Suppose that Γ is a group such that Γ/Γ ′ ∼= Z2t and K is the index
2 subgroup of Γ . Then K/K ′ Z2t .
Proof. Suppose otherwise. Then [Γ :K ′] = 2t+1. One can easily see that K ′  Γ . Let β be
a generator of the cyclic group K/K ′ of order 2t ; choose any α in (Γ /K ′) \ (K/K ′). Then
α2 = β2s for some s ∈ Z (if α2 = β2s+1, then Γ/K ′ would be cyclic, of order 2t+1, an
impossibility). Thus, Γ/K ′ has group presentation
〈
α,β|α2 = β2s, αβα−1 = β2r+1, β2t = 1〉.
Assignment of α and β to distinct generators of Z2 ⊕Z2 obviously leads to a surjection of
Γ/K ′, and also of Γ itself, to Z2 ⊕ Z2, but no such surjection factors through the cyclic
group Γ/Γ ′. ✷
Theorem 3.12. Let N be a closed Hopfian n-manifold such that π1(N) is Hopfian and
H1(N) = Z2t for some t . Then N is a codimension-2 orientable fibrator. If, in addition,
the 2–1 cover N˜H of N is a codimension-2 orientable fibrator, then N is a codimension-2
fibrator.
Proof. Let p :M → B denote a proper N -like map from an orientable (n+ 2)-manifold
onto a 2-manifold. Here p is an approximate fibration over C [8, Theorem 2.1]. To see
there are no isolated points of B \ C, localize to the standard setting B = R2 and p an
approximate fibration over R2 \ origin. The argument of Lemma 3.11, or the proof of
Corollary 3.6 and a bit of a group theory, implies that H1(M \ p−1(origin)) surjects to
Z⊕Z2, and Lemma 3.4 yields that C = R2. In global terms, C = B , p is an approximate
fibration, and N is a codimension-2 orientable fibrator.
With the same notation, only allowing M to be nonorientable and B possibly to have
boundary, the extra hypothesis on N˜H implies p is an approximate fibration over C′,
by Lemma 3.1. The argument in the preceding paragraph indicates that C′ = intB . We
complete the proof by showing ∂B = ∅.
If ∂B = ∅, there would exist z0 ∈ ∂B , a neighborhood U of z0 in B , and a deformation
retraction R :p−1(U)→ p−1(z0) as in the proof of Lemma 3.2. We have seen that for any
x ∈ U \ ∂B, (R|p−1(x))#(π1(p−1(x))) is an index 2 subgroup of π1(p−1(z0)). Take the
double coveringΘ :M∗ → p−1(U) corresponding to i#(π1(p−1(x))), where i :p−1(x)→
M is the inclusion. Then we see that Θ−1(p−1(x)) consists of 2 copies of p−1(x)! N ,
whereas for all z ∈ L= ∂U, Θ−1(p−1(z)) is equivalent to a single copy of N∗, a double
covering of N . Note that π1(N) surjects to π1(N∗), almost by definition, implying that
H1(N
∗) is a cyclic 2-group. Both M∗ and N∗ are orientable, by the uniqueness of index 2
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subgroups of π1(N) ∼= π1(p−1(U)). Also H1(M∗ \ L∗) = H1(N) ⊕ H1(N). By duality
and the shape equivalence between L∗ ≡Θ−1(p−1(L)) and N∗ × (0,1),
H2(M
∗,M∗ \L∗)∼=Hnc (L∗)∼=Hnc
(
N∗ × (0,1))∼=H1(N∗)∼= Z2t or Z2t−1 .
Similarly, H1(M∗,M∗ \ L∗) ∼= Z. From the long exact sequence of pair (M∗,M∗ \
Θ−1(p−1(L))), we have
H2(M∗,M∗ \L∗)
∼=
H1(M∗ \L∗)
∼=
H1(M∗)
∼=
H1(M∗,M∗ \L∗)
∼=
H1(N∗) Z2t ⊕Z2t H1(N∗) Z
so that H1(N∗)∼= Z2t , in contradiction to Lemma 3.11. ✷
Theorem 3.13. Let N be a closed n-manifold N for which π1(N) is finite and H1(N) ∼=
Z2 ⊕· · ·⊕Z2. If N is orientable, it is a codimension-2 orientable fibrator. If the cover N˜H
of N corresponding to the commutator subgroup of π1(N) happens to be a codimension-2
orientable fibrator, then N is a codimension-2 fibrator.
Proof. Consider an N -like, proper map p :M → B on an orientable (n + 2)-manifold
(N orientable). Use Proposition 2.1 and [6, Proposition 2.6] to localize to the setting in
which B =R2 and p is an approximate fibration over R2 \ origin. By Lemma 3.4 we need
only rule out the possibility
H1
(
M \ p−1(origin))∼= Z⊕Z2 ⊕ · · · ⊕ Ẑ2 ⊕ · · · ⊕Z2.
Form the universal covering q : M˜ →M . Recall that H1(M˜ \ (p ◦ q)−1(origin) is cyclic
(cf. the homology exact sequence of (M˜, M˜ \ (p ◦ q)−1(origin). On the other hand, p ◦ q
is an approximate fibration on M˜ \ (p ◦ q)−1(origin). And all components of (p ◦ q)−1(x)
have fundamental group Z2, which implies that
H1
(
M˜ \ (p ◦ q)−1(origin))∼= Z⊕Z2,
by the proof of Corollary 3.6 or [1, Theorem 4.6]. In the presence of the hypothesis about
N˜H , the stronger conclusion follows in the same fashion, after application of Lemmas 3.1
and 3.2. ✷
4. Hyperhopfian fundamental groups
In this section we give some results related to 2-groups, only about more general primes.
Lemma 4.1. For any homomorphism ϕ defined on a group Γ, ϕ(Γ ′)= (ϕ(Γ ))′.
Proof. This is elementary. Explicit pullback confirms ϕ(Γ ′)⊃ (ϕ(Γ ))′, and commutator
features give ϕ(Γ ′)⊂ (ϕ(Γ ))′. ✷
Corollary 4.2. Let ϕ :Γ → Γ be a homomorphism with ϕ(Γ )= Γ ′. Then ϕ(Γ ′)= Γ ′′.
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Lemma 4.3. Let p be the smallest prime divisor (p > 1) of the integer m, and let
1→ Zp →Ξ → Zm → 1 be exact. Then Ξ is Abelian.
Proof. Write Ξ as 〈a, b | ap = 1, bm = ak, bab−1 = ar〉. When k = 0, then obviously
Ξ is cyclic. Otherwise, conjugation by b permutes the elements of {a, . . . , ar, . . . , ap−1}.
Let j denote the least positive integer such that bjab−j = a. Clearly 1  j < p. Since
bmab−m = a, we see that j divides m but divides none of the prime divisors q  p of m.
Hence, j = 1, and Ξ is Abelian. ✷
Lemma 4.4. Suppose Γ is a finitely generated residually finite group such that Γ/Γ ′ ∼=
Zd , and suppose ϕ :Γ → Γ ′ is an epimorphism. Then either Γ ∼= Γ ′ × Zd or Γ ′ ∼=
Γ ′′ ×Zd ′ , where d ′ is a divisor of d .
Proof. If ϕ(Γ ′) = Γ ′, residual finiteness ensures ϕ|Γ ′ :Γ ′ → Γ ′ is an isomorphism.
This implies Γ ∼= Γ ′ × kerϕ, and the projection ν :Γ → Γ/Γ ′ ∼= Zd reveals that
ν|kerϕ : kerϕ→ Zd is an isomorphism.
In any event, ϕ(Γ ′)= Γ ′′, by Corollary 4.2. If ϕ(Γ ′) = Γ ′, then ϕ(Γ )/ϕ(Γ ′)= Γ ′/Γ ′′
is a (nontrivial) cyclic group of order d ′, where d ′ divides d . Another application of
Corollary 4.2 gives ϕ(Γ ′′) = Γ ′′′, and here again ϕ(Γ ′)/ϕ(Γ ′′) = Γ ′′/Γ ′′′ is cyclic.
By [12, Theorem 9.4.2], Γ ′′ = Γ ′′′ = ϕ(Γ ′′). A repetition of the argument in the first
paragraph yields Γ ′ ∼= Γ ′′ ×Zd ′ . ✷
The following result forms the heart of this section.
Lemma 4.5. SupposeΓ is a finitely generated residually finite group such that Γ/Γ ′ ∼= Zd
and the order of no element of Γ divides d . Then Γ is hyperhopfian.
Proof. Consider a homomorphism ϕ :Γ → Γ with Γ/ϕ(Γ ) cyclic. Our aim is to prove
that ϕ is an automorphism. To that end, it suffices to show that ϕ is surjective, as residual
finiteness implies Γ is a Hopfian group.
It follows from Lemma 4.4 that ϕ(Γ ) properly contains Γ ′. The proof proceeds by
induction on the number t of prime divisors (counted with multiplicity) of d . When t = 1,
ϕ(Γ ) properly contains Γ ′ means that ϕ is surjective, as desired. Assume for all residually
finite groups Ξ with Ξ/Ξ ′ a finite cyclic group having t − 1 > 0 prime divisors and all
homomorphisms ψ :Ξ →Ξ with Ξ/ψ(Ξ) cyclic, ψ is necessarily an epimorphism (and
therefore an isomorphism), and assume d has t prime divisors. Examine Γ # ϕ(Γ ) # Γ ′ #
ϕ(Γ ′). In light of Lemma 4.1, the epimorphism Zd ∼= Γ/Γ ′ → ϕ(Γ )/ϕ(Γ ′) induced by ϕ
demonstrates that ϕ(Γ )/ϕ(Γ ′) is cyclic and its order divides d .
Next we show that [Γ : Γ ′] = [ϕ(Γ ) : ϕ(Γ ′)] = d cannot occur. Let q be the smallest
prime that divides m, the order of Γ/ϕ(Γ ), and let Γi be the unique normal subgroup of
ϕ(Γ ) containing ϕ(Γ ′) of index qi, i = 1, . . . , s, where d = qs · e and q does not divide e.
Being fully invariant in ϕ(Γ ), each Γi is normal in Γ . Lemma 4.3, applied recursively
for i = 1, . . . , s, reveals that Γ/Γi is Abelian and, therefore, cyclic. Moreover, the i = s
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case provides an epimorphism Γ → Γ/Γs , a cyclic group of order divisible by qs+1, an
impossibility.
Consequently, ϕ(Γ )/ϕ(Γ ′) has fewer than t prime divisors. Now induction applies to
Ξ = ϕ(Γ ) and ψ = ϕ|Ξ to give that ψ is an isomorphism. Again one obtains
Γ ∼= ϕ(Γ )× kerϕ ∼= ϕ(Γ )× (Γ/ϕ(Γ ))∼= ϕ(Γ )×Zm,
which yields ϕ(Γ )= Γ , since the order of Γ/ϕ(Γ )∼= Zm divides d . As mentioned at the
outset, this implies ϕ is an automorphism. ✷
Lemma 4.5 combines with Proposition 2.2 to give information about codimension-2
fibrators.
Theorem 4.6. Suppose N is a closed, s-Hopfian n-manifold such that H1(N) is cyclic of
order d and π1(N) is a residually finite group, no element of which has order dividing d .
Then N is a codimension-2 fibrator. In particular, every aspherical manifold N with
residually finite π1(N) and finite cyclic H1(N) is a codimension-2 fibrator.
Cyclicity of H1(N) is critical to Theorem 4.6. It does not hold for H1(N) an arbitrary
2-group, not even for a direct sum of copies of Z2. The following example sharpens the
contrast between Theorems 4.6 and 3.12.
Example. A closed n-manifold, N, n > 4, which fails to be a codimension-2 fibrator but
H1(N)∼= Z2 ⊕Z2 and every γ ∈ π1(N), γ = 1, has infinite order.
Apply Maunder’s construction [18] to obtain a finite aspherical 2-complex K such that
H1(K) ∼= Z2. Specify a PL embedding of K in an (n+ 1)-manifold Mn+1, and let S be
the boundary of a regular neighborhood of the image. Let Ω be the mapping cylinder of a
2–1 covering map Θ :S→ S; here Ω is a (non-orientable) twisted I -bundle over S. Form
N by doubling Ω along S , its boundary.
A routine computation involving a Mayer–Vietoris sequence confirms H1(N) ∼=
Z2 ⊕ Z2. Note that π1(Ω) ∼= π1(S) ∼= π1(K), from which it follows that π1(N) ∼=
π1(Ω)∗π1( S¯ )π1(Ω) is the fundamental group of an aspherical finite complex and, hence,
no nontrivial element has finite order [1, Corollary VIII.2.5].
Such manifolds N fail to be codimension-2 fibrators, due to the existence of a 2–1
covering map N → N (see [6, Theorem 4.2]). For the most obvious 2–1 covering N →
N,N will consist of two copies Ω1, Ω2 of Ω , arising as the preimage of one Ω in the
target space, N , together with a 2–1 covering Ω of the other copy of Ω used to form N .
But here Ω is simply S × [0,1], and N = Ω1 ∪ ( S × [0,1]) ∪Ω2 with attachings that
reveal N ≈N .
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